We characterize those semigroups for which each fuzzy ideal is prime. We also characterize those semigroups for which each fuzzy right ideal is prime.
Introduction and preliminaries
The fundamental concept of a fuzzy set, introduced by Zadeh in his classic paper [5] of 1965, has been applied by many authors to generalize some of the basic notions of algebra. In this note we characterize the semigroups for which each fuzzy ideal is prime, also the semigroups for which each fuzzy right ideal is prime.
In Section 2, we prove that a semigroup is fully fuzzy prime if and only if it is semisimple and its set of fuzzy ideals is totally ordered. In Section 3, we define the fuzzy prime right ideals of a semigroup and we prove that if the set of all fuzzy right ideals of S is totally ordered, then S is right weakly regular if and only if every fuzzy right ideal of S is a fuzzy prime right ideal.
By a semigroup (S,·), we mean a nonempty set S together with an associative binary operation "·". A semigroup S is called commutative if "·" is commutative, that is, a · b = b · a for all a,b ∈ S. A semigroup S is called a monoid if it has an identity element with respect to "·". If S has no identity element, then it is easy to adjoin an identity element 1 to the set by defining 1 · s = s · 1 = s, for all s in S. We will use the notation S 1 with the following meaning:
if S has an identity element, S ∪ {1} otherwise.
(1.1)
A function f from a nonempty set A to the unit interval [0,1] is called a fuzzy subset of A. A fuzzy subset λ : A → [0,1] is nonempty if λ is not the constant map which assumes the value 0. For fuzzy subsets λ and µ of A, λ ≤ µ means that for all a ∈ A, λ(a) ≤ µ(a). The symbols λ ∧ µ and λ ∨ µ denote the following fuzzy subsets of A:
By the product λ • µ of two fuzzy subsets λ, µ of a semigroup S, we mean the following fuzzy subset: The following lemmas are taken from [2] . 
Lemma 1.3. Let f , g, and h be fuzzy subsets of S, then Proof. Let λ be a fuzzy prime ideal of a semigroup S, then λ is fuzzy semiprime ideal. Let µ, ν be fuzzy ideals of S such that
Conversely, assume that λ is a fuzzy ideal of S, which is both fuzzy semiprime and fuzzy irreducible. If µ, ν are fuzzy ideals of S such that
Definition 2.5. A semigroup S is called fully fuzzy prime (semiprime) if each of its fuzzy ideal is prime (semiprime).
Theorem 2.6. The following assertions on a semigroup S are equivalent:
) the set of all fuzzy ideals of S (ordered by inclusion) is a distributive lattice under the union and product of fuzzy ideals, (5) each proper fuzzy ideal of S is the intersection of fuzzy prime ideals, (6) each fuzzy ideal of S is fuzzy semiprime ideal.
Proof. (1)⇔(2)⇔(3). This is due to Kuroki [4] .
(1)⇔(4)⇔(5). This is proved in [3] .
(1)⇒(6). Let λ be a fuzzy ideal of S. Let δ be a fuzzy ideal of S such that δ 2 ≤ λ. Now by (1), δ 2 = δ, so δ ≤ λ. Hence, λ is fuzzy semiprime ideal.
(6)⇒(1). Let λ be any fuzzy ideal of S. Then λ 2 is also a fuzzy ideal of S. Since λ 2 ≤ λ 2 , by (6), λ ≤ λ 2 . We have on the other hand λ 2 ≤ λ, so λ = λ 2 .
Theorem 2.7. Let S be a semisimple semigroup. For a fuzzy ideal ξ of S, the following conditions are equivalent:
(1) ξ is a fuzzy prime ideal, (2) ξ is a fuzzy irreducible ideal.
Proof. Assume that ξ is a fuzzy prime ideal of S. We show that ξ is fuzzy irreducible, that is, for fuzzy ideals λ, µ of S,
Conversely, assume that ξ is a fuzzy irreducible ideal. We show that ξ is a fuzzy prime ideal. Suppose that there exist fuzzy ideals λ and µ such that Proof. Suppose S is a fully fuzzy prime semigroup, λ is a fuzzy ideal of S, then λ 2 is also a fuzzy ideal of S. Since λ 2 ≤ λ 2 , we have λ ≤ λ 2 . On the other hand, λ 2 ≤ λ. Hence λ 2 = λ. Thus, every fuzzy ideal of S is idempotent, so S is semisimple. Let λ and µ be fuzzy ideals of S, then λ ∧ µ is a fuzzy ideal and so fuzzy prime ideal of S.
Conversely, assume that S is a semisimple semigroup and the set of fuzzy ideals of S is totally ordered. Let λ, µ, and ξ be fuzzy ideals of S such that λ • µ ≤ ξ. Since the set of fuzzy ideals of S is totally ordered, so we have
Thus, ξ is a fuzzy prime ideal of S. Proof. Since each commutative semisimple semigroup is an inverse semigroup, the corollary follows from the above theorem.
Fuzzy prime right ideals
Throughout this section, S will denote a monoid, that is, a semigroup with an identity 1, which also contains a two-sided zero. 
Lemma 3.3. If S is a semigroup, then the intersection of fuzzy prime right ideals of S is a fuzzy semiprime right ideal.

Lemma 3.4. Let S be a semigroup. A fuzzy semiprime irreducible right ideal of S is a fuzzy prime right ideal.
Proof. Let ξ be a fuzzy semiprime irreducible right ideal of S. Let λ, µ be fuzzy right ideals of S, such that λ
Since ξ is fuzzy irreducible, we have (
Hence, ξ is a fuzzy prime right ideal of S. We now show that ξ is a fuzzy irreducible right ideal of S. Suppose ξ = δ 1 ∧ δ 2 , where δ 1 and δ 2 are fuzzy right ideals of S. This implies that ξ ≤ δ 1 and ξ ≤ δ 2 . We claim that either ξ = δ 1 or ξ = δ 2 . Suppose, on the contrary, ξ = δ 1 and ξ = δ 2 . Since ξ is maximal with respect to the property that ξ(a) = α and since ξ δ 1 and ξ δ 2 , it follows that δ 1 (a) = α and δ 2 (a) = α. Hence α = ξ(a) = (δ 1 ∧ δ 2 )(a) = {δ 1 (a) ∧ δ 2 (a)} = α, which is impossible. Hence, ξ = δ 1 or ξ = δ 2 . This proves that ξ is a fuzzy irreducible ideal. Now let λ be a fuzzy right ideal of S and let {λ α : α ∈ Ω} be the family of fuzzy irreducible right ideals of S which contain λ. Obviously, λ ≤ ∧ α∈Ω λ α . We now prove that ∧ α∈Ω λ α ≤ λ. Let a be any element of S. Then there exists a fuzzy irreducible right ideal, say λ β , such that λ ≤ λ β and λ(a) = λ β (a). Thus λ β ∈ {λ α : α ∈ Ω}.
. This implies that ∧ α∈Ω λ α ≤ λ. Hence, each fuzzy right ideal of S can be written as the intersection of fuzzy irreducible right ideals of S which contain it. By (4), each fuzzy right ideal is semiprime, so by Lemma 3.4, each fuzzy right ideal of S is the intersection of fuzzy prime right ideals of S which contain it.
(5)⇒(1). Let λ be a fuzzy right ideal of S, then λ 2 is also a fuzzy right ideal of S. By hypothesis, λ 2 is an intersection of fuzzy prime right ideals and so is a fuzzy semiprime right ideal of S. As λ 2 ≤ λ 2 , so λ ≤ λ 2 . On the other hand, λ 2 ≤ λ. Hence λ 2 = λ. As (2) is equivalent to (1), thus S is right weakly regular. Proof. Suppose S is a semigroup in which each fuzzy right ideal is prime and let λ be a fuzzy right ideal of S. Then λ 2 is also a fuzzy right ideal of S. Since λ 2 ≤ λ 2 , we have λ ≤ λ 2 . On the other hand λ 2 ≤ λ. Hence λ 2 = λ. Thus, every fuzzy right ideal of S is idempotent, so S is right weakly regular. Let λ and µ be any fuzzy ideals of S. Since λ • µ ≤ λ ∧ µ. As λ ∧ µ is a fuzzy ideal of S, then it is, a fuzzy prime ideal. Thus either λ ≤ λ ∧ µ or µ ≤ λ ∧ µ, and therefore either λ ≤ µ or µ ≤ λ. Proof. Let λ, µ, and ξ be fuzzy right ideals of S such that λ • µ ≤ ξ. Since the set of all fuzzy right ideals of S is totally ordered, we have
Thus ξ is a fuzzy prime right ideal. (1) S is right weakly regular, (2) every fuzzy right ideal of S is a fuzzy prime right ideal.
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